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A Unified Analysis of Supersonic Nonequilibrium Flow

over a Wedge: 1.

Vibrational Nonequilibriam

Rrcumarp 8 Ler*
Stanford Univer sity, Stanford, Calef

The paper begins with a survey and discussion of the existing analytical work on the prob-
lem of supersonic nonequilibrium flow over a wedge and certain related topics A new ap-
proach is formulated which provides a more complete picture of the flow field and retains
greater generality The uniform freestream may be either in equilibrium or frozen in some
out-of-equilibrium state The exact problem is simplified by assuming that the unknown
quantities deviate only slightly from their frozen-flow values The resulting differential
equations and boundary conditions are solved The physical situations in which this solu-
tion is a good first approximation are listed and explained In some of these situations, the
solution can be further simplified to give an explicit picture of the flow field The simplified
solution shows the existence of a relaxation region behind the shock wave and an entropy layer
next to the wedge surface, in addition to the classical incoming and outgoing waves along
which disturbances are propagated A numerical example, treated by using the simplified
solution, is found to be in good qualitative agreement with existing numerical solution of the
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exact problem using the method of characteristics Causes of quantitative discrepancy are
discussed, and possible improvements are suggested

Introduction

ONEQUILIBRIUM effects have become important be-
cause of the elevated temperatures encountered in high-
speed flows, and much effort has accordingly been devoted
to re-examining the classical problems of gasdynamics One
problem of basic inteirest is supersonic flow over a wedge
The new effects complicate the analysis by inisoducing a
characteristic length, namely, a characteristic relaxation
length of the gas, which destroys the self-similar nature of
the classical flow field
Figure 1 gives a geneial picture of the new flow field The
shock wave starts with the frozen-flow slope at the leading
edge and curves to the equilibrium-flow slope The gas is,
in general, out of equilibrium right behind the shock wave
and relaxes in the 1elaxation zone as it flows downstream
When it 1eaches the equilibrium core, the gas comes to
equilibrium at a unifoim state as given by the equilibrium
oblique-shock 1elations The region next to the wedge sur-
face is called the entiopy layer, in which the flow comes to
equilibrium far downstream at varying entropy, temperature,
density, and speed, but constant pressure, from streamline
to streamline These streamlines undergo different entropy
changes as they pass through the shock wave at different
angles and also as they relax at different rates in traversing
the relaxation zone
Approximate solutions have been obtained by various
authors in this and related problems by expanding the flow
quantities about some reference state in terms of a small
parameter or an independent variable The possible choice
of reference state and small parameter is by no means unique,
and each has its limitations in validity and results
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Linearized equations with the freestream as the reference
state were originally used to study the case of a slender wedge
The solution was achieved approximately by Moore and
Gibson! and exactly by Clarke? Vincenti® generalized
Clarke’s result to the case where the freestream may be
frozen out of equilibrium  These works show how the dis-
turbance created by the wedge is propagated (or, in other
words, show the roles played by the frozen and equilibrium
Mach lines) and how the various flow quantities vary on the
wedge surface  In spite of the restriction to a slender wedge,
the linearized equations are still too complicated to be solved
explicitly, so that an analytical picture of the flow field is
yet to be seen  Also, these works do not show a major new
feature of nonequilibrium effects, namely, the entropy layer,
which is of second-order magnitude in this perturbation
scheme, although it can be computed numerically using
first-order results

Using the facts that the flow is almost frozen near the
leading edge and is almost in equilibrium far from the lead-
ing edge, Sedney* attempted to solve the exact problem by
expanding the flow variables in powers of the dimensionless
distance from the leading edge and its inverse, thus making
perturbations about the known results of frozen and equilib-
rium flow, respectively Napolitano® attempted to solve
in the same way the related problem of an expansion corner
This approach eliminates the restriction to a slender wedge
and describes certain nonlinear effects However, difficulties
arise in seeking a uniformly valid first approximation in the
equilibrium perturbation, which is of a singular nature, be-
cause of the presence of the relaxation layer and the entropy
layer Although the relaxation layer can be treated by the
same technique as is used for a viscous boundary layer, the
details of the entropy layer are nearly impossible to deter-
mine because they depend on the history of the streamlines
in the basically nonequilibrium region, which is as difficult
to solve as the exact problem itself and lies outside the scope
of this perturbation scheme Unless some global properties,
such as additional conservation laws, can be invoked to help
the determination of details of this layer, a uniformly valid
first approximation is out of sight in the equilibrium end
of this perturbation scheme

It is clearly desirable to have a scheme involving perturba
tions about either the frozen or the equilibrium flow but
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covering both limits in the results Spencef in solving
the analogous one-dimensional unsteady problem of a piston
moved impulsively into a gas at rest, introduced such a scheme
by assuming that the vibrational energy is never greatly ex-
cited in the vibrational nonequilibrium case, and that the
gas is never greatly dissociated in the dissociation case,
throughout the flow field Dressler” applied Spence’s
results to the wedge problem by invoking the equivalence
principle of hypersonic small-disturbance theory How-
ever, he also failed to exhibit the entropy layer because it is
lost in making the hypersonic small-disturbance approxima-
tion In the present analysis, Spence’s assumption is shown
to lead to a uniformly valid approximation containing all
physical features for the wedge problem without any further
approximation

The analysis that follows deals with vibrational nonequilib-
rium Dissociation will be dealt with in Part II These
phenomena, although generally coupled in their effects, are
usually analyzed independently of each other for conveni-

Fig 1 Supersonic nonequilibrium flow over wedge and its
coordinate system

ence Their rate processes are of a different nature under
present considerations; hence, each of them will be given a
separate but parallel treatment; rather than be included in a
general treatment as in Refs 1-3 The wedge under con-
sideration is not necessarily slender and the freestream not
necessarily in equilibrium The exact problem is attacked
by perturbing about the frozen-flow solution without specify-
ing a small parameter at the outset in order to preserve the
generality A survey then is made of physical situations
in which the solution to the first-order perturbation problem
is a good first approximation to the solution of the exact
problem  For each of these situations, there is a small param-
eter corresponding to a particular perturbation scheme, to
which results the solution of the general perturbation problem
can be reduced accordingly The reductions carried out
are the ones giving explicit results All of them are param-
eter perturbations, uniformly valid throughout the space
behind the shock wave, except one, which is a coordinate
perturbation valid in a certain limited region These results
contain, in general, four terms that can be interpreted
physically as the outgoing and incoming waves, the relaxation
zone, and the entropy layer The results also show, as in
Vincenti’s slender-wedge case, that, when the freestream is
properly out of equilibrium, the shock wave remains straight
in spite of nonequilibrium effects, and the flow quantities
stay constant behind the shock wave, Results for a 40°
wedge with a freestream Mach number of 6 are compared
with the numerical solution of the exact problem carried out
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by Sedney, South, and Getber® using the method of char-
acteristics

Exact Problem
The equations expressing conservation of mass, momentum,

and energy for steady, two-dimensional flow of an inviscid,
nonheat-conducting gas are

(p1u1) + 5 (”1”1) M
o ~ @
— 2:1 - ¢

As a matter of later convenience, z, is measured along the
wedge surface and y; perpendicular to it, and u; and »; are
the velocities in the @; and y; directions, respectively; p, is
the pressure, p; the density, and % the enthalpy If the gas
is capable of being excited in only one vibrational mode of
internal energy, the thermal equation of state remains the
same as that of a perfect gas, but the caloric equation of state
differs by an additional term  They are

P = R T, (5)
o= [v/(v — Dlp/p) + e (6)

with ¢, a new variable, denoting the vibrational energy
To complete the system a rate equation is needed and is
taken in the form

ae,,l

e, _ ew* — ey
+ v Dyl i (7
Here e * is the fictitious value that e,, would assume if the
gas were in equilibrium at the local temperature and is given
as a function of temperature by

e, * = RO/(e¥T — 1) ®)

where the constant © is the characteristic temperature of
molecular vibration Also in Eq (7), =, a function of pres-
sure and temperature in general, has the meaning of the re-
laxation time Its most commonly cited form is given by
Landau and Teller? as follows:

= KT/ T30 [y (1 — g=0/T) ©)

where K; and K, are constants that depend on the physical
properties of the gas molecule Only two thermodynamic
variables besides e,, are needed to determine the thermody-
namic state of the gas; therefore, if p; and p, are preferred,
Eqgs (4, 8 and 9) can be rewritten, by virtue of Egs (5)
and (6), as

o (n ° (m
" o, (,,17>+ o (2 >+

(7 - 1) ae”l Oe P
o1 U o + on) " 0 (10)
RO
ew* = eBOm/p — | (11)
Ko(pr/Rp) ~1/3
= Kl(pl/RPI)I/Ge 71/ Rp) (12)

M (1 —p —Repx/pl)
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If the shock wave is deseribed by y1 = fi(z1), the frozen
situation behind the shock wave is given by the following
shock conditions:

wlryfile)] = .
[cot(6 -+ B) tan8 — 1]} 13)
nfm,file)] = |

[cot(8 + B) cotB + 1]} (14)

B 2yMsin®(0 + 6) — (y — 1)
il filz)] = pm{ (v + 1) } (15)
_ (v + DM.? sin*(6 + B)
plufile)] = pw {(7 — D)M2sin2(6 + B) + 2} (16)

enlz,fi(a)] = € 17

where 3 is the semivertex angle of the wedge, and 6 is the
shock angle (Fig 1), related to the shock shape through

6 = tan~Y,'(z1) (18)

in which the prime denotes differentiation with respect to
the argument Freestream conditions are referred to by
the subscript « The tangency condition at the wedge
surface is expressed by

"N [CE],O] =0 (19)

Finally, there is a condition expressing the fact that the shock
wave is attached to the leading edge, namely,

£i0) =0 (20)

The system of equations and conditions (1-3, 7, and 10—
20) defines completely the problem for the unknowns wu, vy,
D1, P15 €y, a’ndfl(xl)

Perturbation Problem

The exact problem, owing to its complexity, will be solved
approximately by making a perturbation about a known
reference condition There are several such conditions to
choose from For a slender wedge, the freestream would be
a natural choice In the present case the wedge is not
necessarily slender, and hence conditions existing behind
the shock wave are more suitable for reference, in view of the
assumptions that will be made subsequently The two most
interesting conditions are the frozen state existing at the
leading edge and the equilibrium state existing far down-
stream  Because the equilibrium state cannot be given
explicitly, the frozen state will be used here and will be denoted
by subseript 0
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Now introduce dimensionless variables appropriate to
small perturbations of the basic frozen state by setting

ui(Ty) = wll + ulzy)] (21)
vy = uw(x,y) (22)
pi@uy) = moll + play)] (23)
pr(Ey) = poll + plx,y)] (24)
e (xy) = e, + [v/(v — 1) IRTe (z,y) (25)
whete
T = 31/ UoTo (26)
Y = y1/UoTo 27
and
Silz) = (tanfo)z: + wuorof(z) (28)
so that
Hi'(@) = tanb + f'(x) = ¢o + f'(x) (29)

Here the reference values w, po, po, To, and 6 are given by the
oblique shock-wave relations with the vibrational energy
frozen,t and ¢ is given by expression (12) with ps and po
in place of p; and py, respectively Note that e is referred
to the enthalpy yRTo/(y — 1) rather than to the vibrational
energy e, (= e _), which may be exponentially small; alsa
note that there is no basic velocity in the y direction

Substituting Eqs (21-29) into the exact problem will lead
to a problem for the perturbation quantities as functions of
randy Assuming that the perturbation quantities are small
compared with unity in the region of interest, so that only
linear terms are retained, yields the following first-order
petturbation problem:

Op ou o
bx+bx+b—y_0 (30)
ou 1 op
dr | yM2ox 0 81)
v 1 op
5% e 55 =0 (32)
op Op o€, .
a—x—’Ya'l—’Yax—O (33)
O¢ (v = 1) ¥ (6/Ty)?
_a;'— v (ee/Tu_l)Z (p—p)+e =
(y =1 (e,*—e)
= 4
5 BT, (34)
where
My = u02P0/7p0
e,* = RO/(eT — 1)
and

M2 cos2B, sinf2(6y + B)]cot(8y + B) tanB — 1]

u(a'c:,d)()x) = 2 {

(v + DM + 2[M? sin®(6y + B) — 1)][cot(8y + B) tanB — 1]
{sec?B tanB[M .2 sin2(f, + B) — 11}/(tanB + tanby)*

(v + DML2 + 2[M2sin2(6, + B) — 1][cot(f + B) tanf — 1]
M.2 cos?y sin[2(8s 4+ B8)1[cot(Bo 4+ 8) cot8 + 1]

}f’(x) = K.f'(z) (35)

v(z,por) = 2 tanf {

(v + DM2 + 2[M?sin%(6 + B) — 1][cot(8 -+ B) tang — 1]
{sec?B cotB[M.2 sin®(fy + B) — 1)]}/(tanB + tané)?

(v + DM + 2[M? sin®(6 + B) — 1][cot(fo + B) tanf —

1]} f@) = Kof'(@)  (36)

" § up, po, and py are given by the right-hand sides of Eqgs (13, 15, and 16), respectively, with §, in place of § 6, is determined by
solving for 8 in Eq (14) with o set equal to zero T is given by po/Rpo
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_ 2vM .2 cos?B, sin[2(6y + B)] } , ,
#) = gt st B 21y @ =K@ (3)

_ 2 cos2, sin[2(6, + B)] } SN e
p(z,07) = {sim(oo T B(v — DI sin’(6, 1 B) & 2f | @ =K@ (38)
¢ (z,002) = 0 (39)
2@0) = 0 (40) Then Eqs (44-46) become
ou v w de
- N2 — > LA
f0) =0 (41) aPy: + - <DS bn> 2F 0 (48)
Physically, the assumption of small perturbations implies ou  ou

that nonequilibrium effects alter the flow field only slightly — ¢0 (K +— ) f'tn)  (49)

from the frozen solution (For example, the variation in o Of E

pressure is only a small fraction of the pressure itself )

The perturbation velocity field will be shown to be rota-
tional in the next section; therefore, a velocity potential does
not exist for this problem However, if a stream function
Y is defined to satisfy Eq (30), a single partial differential
equation of fourth order for ¥ can be obtained in place of the
system of equations (30-34) and is similar in form to Vin-
centi’s equation for the velocity potential in his work on a
slender wedge

Solution of the Perturbation Problem

Since Egs (31) and (33) can be immediately integrated, it is
convenient to deal with the system of equations (30-34),
rather than with the single equation of fourth order for ¢
Integrating Eq (31) and evaluating the constant of integra-
tion from the shock conditions gives

wt A= (Ker i) (L) @

which is the linearized Bernoulli’s equation Proceeding

similarly with Eq (33) yields
p— ve + vew = (Kp — vKo)f'(y/ o) (43)

With the aid of Eqs (42) and (43), p and p can be eliminated
from Eqgs (30, 32, and 34); thus we obtain

2 —_— e ——— =
No - 0 (44)
ou o

2 ¢0<K+ )f() (45)

. /T 2
ae,,+ {1 L 225% /Ty }eﬁ

¥( — 1)
(v — 1)%¥T(0/Ty)* C(r=Dr—e,)
T T (S

(v — De¥ T (0/T0)?
,y(ee/Tn — 1)2

[(v — DMK, + K, — Kp]f’ <¢)

(46)

where N2 = (M2 — 1) The vorticity of the perturbation
velocity field is now given by Eq (45) and is seen to be pro-
portional, for a given streamline, to the curvature of the
shock wave where the streamline crosses the shock wave

In order to use the Laplace transformation to solve the last
three equations, a change in the coordinate system is made
for convenience  Set

§=2z— (y/¢0)}

n =Y/ 7

bev (v — 1)e®To(0/Ty)?
R }e+

(v — 1)%®T (0/Ty)* _ (v =1 (,* —e)
v (e®To — 1)2 MoPu = Y RT,

(v — 1)e®To(0/Ty)?
,y(ee/To — 1)2

Also, conditions (35, 36, 39, and 40) can be written as

+

(v = DMK + K, — Kplf'(n) (50)

u(0,n) = K.f'(n) (51)
v(0,n) = Kif'(n) (52)
e(0m) =0 (53)
v(§0) =0 (54)

Let @, 7, and &, denote, respectively, the Laplace trans-
forms of w, v, and e, with respect to &; for example,

Liugn] = )7 e~ g nis = atn; o)

where s is the paiameter of the transformation The prob-
lem defined by expressions (48-54) can then be transformed
into

No2lst — Kuf'(n)] — — [@- — s7 + K@f’(n)] — 88, =

dn
(55)

d:
[d—: S (ﬂ ~ ol — Efi(n)] =
(5t 5

(v — 1)69/T°(9/To)?} 5,
,Y(ee/To —_ 1)2 €v
(v — 1)%/T0 (8/T)*

'y(ee/T“ — 1)2
(v = 1) (en* —e o) | (v — 1)e®/T0 (8/Ty)*
v sRT, sy(e®To — 1)2
(v = DMK, + K, — Kplf'(n) (57)
7(0) = 0 (58)
The three simultaneous equations (55-57) can be solved
to give the solutions for 7, @, and 8, With the aid of Eqs

(42) and (43), p and p can also be obtained
If o(s) is defined by

)f”(m (56)

88y + {1 +

M(]?’IZ =

(v — 1)2Mo2¢o?

{1+ s+ [(v — 1)e¥ T (0/To)2/v(e™ To — 1) e
€9/ To (0/T0)?

(87T — 12

ofs) =

(59)
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then
o 1 NoZho 2.4 2 12 a(s) < K,— K, ~ I& >:|
v 2[)\02@502 -+ 0'(8)]1/2 {['YMCQ Kp + [>\0 ¢0 + (T(S)] Kv + (’Y _ 1)M-02¢0 1 — [)\02¢02 + O'(S)]I/Z v + KP X
Temy £ — Ao — 2 12
.fo e Sf (1 — [No2po? + a(s)]12 + 77) d§ [’YAMO") K, o2 + a(s) V2K +

a(s) K, — K, K, o < £ > }
(v — Moo <1 + [No2¢e? 4 o (s) ]2 Y + K,,)]j; ¢ f 1 4 [No2ge® + o(s)]V2 + o )dér +

(’Y - 1) (evo* - evm) ¢0 (60)
v RTo  [1 — N¢? — a(s)1s(1L + 8) {1 + a(s)/[(v — DMo*¢e* — o(s)]}
o 1 Dol - (o)1 o(s) (K, - K,)
YT T oD+ o) {[ v K T K TS I (1= Dt 4 o(9) ]w}] x
© kg 3 No?¢o® + a(s)]V2 . O &, — K,)
j:) € Ef <1 - [)\02¢02 + 0’(8)]1/2 + 7]> at + l: M2 Kp ¢0K (_Y _ 1)M02 {1 + [)\02¢02 - 0'(8)]1/2}] X

e £ (7 = 1) (e = ens)
Jo e (1 + Dot - o@Te T ”) dg} R BT, . <

®0® 1 ‘L_ ’
= Mo — 0@ + 91 + o/ [(v = Dilvge — o] T s [K" + <7M> K”}f (n)(61)
Mg {[ Dot + o)) o) (K, — K,) ] X
P = 3Dt + o) M (v = DMe* {1 = Duide? + 017

S ; Dotds 0@
fo eSS <1 — Dholo? + o(s)]2 + 77) at + I: T K, — K

o(s) (K, — K,) o :
oy — D)o [T+ et + a(s)]w}] Sy e <1 T Dot £ o1 T ”) dg} +

Kp + ¢0K1} +

(v=D(e*—e.) Y Mode? )
Y RT, 1 — Ne2go? — o ()]sl 4+ sH{1 + o(s)/[(y — L)Mo2pe? — o(s)]}
o o(s) Dot? + o(s)]2 o(s) &, — K,) ]
& = gt 4 o(s)] {[ i Rt K TN TS e - o@19 ] <
- £ Dotghe? - o(s) ]2 o(s) &, — K,)
st ! AL S AT — — L
Jo e (1 = Dot + 0@ T ”) e [ L KT eK O T (T e F 0(8)]”2}] X
o £ (v =D e =)
Jo e (1 F Dog + o ’7> dg} o TR, X
) O/ = K o o
[ — N> — o()]s(L + {1 + o(s)/[(v — NMog? — ()]} ' (v — LMo’ *
C Mige + o] D + (9] o(s) K, — K,) ]
= Kp OK
P = oDt 1 o)l {[ M TR DM TS e + o1 <
- £ Dot® + o(s)]2 o(s) (K, — K,)
sf ' — — P
‘]:) € f <]_ - [)\02¢02 + 0(8)11/2 + 77> dE + [ 7ﬂ102 Kp ¢0K (7 _ 1)]‘402 {1 + [)\0¢02 T 0_(8)1112}] X

— ¢ (v =1 (e —e.)
Jo e (1 T oiger F o] T ”) df} + 7, X

(1 + ¢02) _ (Kp/7 - Kp) f,( ) (64)
1= Mg — o + {1 + o(8)/[(v = D¢ — o1}~ s{l + o(8)/[(v — DM — a(5)]] *

Finally, the unknown slope of the shock wave, f'(5), is found by enforcing condition (58); thus we obtain

1 )\02¢o 2r 5 - 172 O'(S) Kp bt Kp _ I_{f’
2[N"” + o ()] {[vMo2 R e 7 (1 T+ oy T K)] %
© o=t £ — )ﬁ — D2de? 4+ o(8) V2 »_L
fo e S (1 — [hoZo? + o(s)]w) dt [%W Ky = INge* + oK + (v — D Mo
K,— K K, © £
P P SE pt
<1 ¥ v F o1 oy T Kﬂ Jom e <1 ¥ Do’ + a<s>11/2> dé} +
(v =1 (e*—e.) o =0 (65)
Y RT, [T — N2 — a()]s(1 + {1 + o(s)/[(v — DMo2pe® — a(s)]}

The solution of this equation, together with condition (41), determines the shock shape
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Expressions (60-65) complete the solution of the perturba-
tion problem in the transformed form However, the com-
plexity of these expressions with respect to s forbids an
analytical inversion of the tramsform; therefore, further
simplifications are needed before the picture of the flow field
can be seen explicitly

Survey of Realizations
of Small-Perturbation Assumption

The small-perturbation assumption, made in obfaining the
first-order perturbation problem, is a crucial step in the
analysis; therefore, the circumstances under which it can
be realized deserve a survey The perturbation problem as
defined by equations and conditions (30-41) has only one
nonhomogeneous term, namely, the right-hand side of Eq
(34) (Had the equilibrium situation existing far down-
stream of the leading edge been chosen as the reference state,
then the nonhomogeneity of the resulting perturbation prob-
lem would exist in the shock conditions instead ) As the
magnitude of all perturbation quantities is proportior al to
that of the nonhomogeneous term, it appears to be sufficient
1o have this term small in order to realize the small-perturba-
tion assumptions

This term can be expressed in terms of freestream quanti-
ties as

(v — 1) (™ — €ug,) — r—1 (&") X
v RT, v To

O/Tx oo
e(e/Too)(Tm/To) —_ 1 - RTw

where
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5) x — 0 and y — 0: This means that the region of in-
terest is limited to distances from the leading edge small
compared with the reference relaxation length (Note that
the frozen-flow quantities used as references do actually exist
at the leading edge )

Simplification of the Results

Specializing the general small-perturbation assumption to
cases 1, 2, 3, and 5 as listed in the last section simplifies the
perturbation solution (60-65) Of particular interest are
cases 1 and 2, where expressions (60-65) reduce to such
simple form that they can be inverted analytically to give an
explicit solution for the entire flow field behind the shock
wave Specializing Eqs (30-34) of the general perturbation
problem shows that in these two cases the perturbation rate
equation is uncoupled from the other perturbation equations
and could readily have been integrated directly

Equation (59) shows that o(s) is small in both cases 1 and
2, and thus the terms associated with it in expressions (60-65)
are negligible ~With the inverse transformations

-1 e —s& 7 s =
L {fo € Ef <1 — )\o¢o T 77> dé} -

7 (1 _—-£>\0¢0 + 11)
)i

! S
7 (et )

Ll{fo s <1+)\0¢0+

T. (v + D2M..? sin%(6, + B)

Ty [2yMo?sin(6 + B) — (v — 1] [(v — 1) M 2sin%(8, + B) + 2]

This expression involves the following four dimensionless
parameters (three if the freestream is in equilibrium):

v 0/T., M2 sin2(6, + B)
e, [ (B/T,) if the freestream
RT.\  e®/T=) — 1 isin equilibrium

Considering possible limits for these various parameters shows
that this term vanishes in the following cases:

1) v~>1: Since the enthalpy with the vibrational energy
unexcited is [v/(y — DIRT(= ZRT for a diatomic gas),
whereas the fully excited vibrational energy is only RT, this
limiting case implies that the full vibrational energy is small
compared with the enthalpy

2) (6/Tw) = « and (e, ,/RT.) — 0 (the latter limit is not
necessary if the freestream is in equilibrium): This limit
implies that the temperature is low compared with the char-
acteristic vibrational temperature and, hence, that the ex-
cited vibrational energy is small compared with the enthalpy

These two cases correspond to Spence’s assumption,® al-
though he may have had particularly the second case in mind

3) M.? sin%(6 + B) — 1 and (¢ ./RT.) — [(©/T.)/
(e%/T= — 1)]: This is the case of a slender wedge, which can
create only a small disturbance

4) (v /RT.) — (6/T)/[e®/T=)T/T) — 1]: Thisis the
case when the vibrational energy in the freestream is excited
to almost the equilibrium value behind the shock wave at
the leading edge

The preceding conditions are sufficient for the perturba-
tions to be small, but they are not necessary If uniform
smallness of the perturbation is not required, then there is
another useful case involving a coordinate rather than a
parameter perturbation:

P N S R
L {S(l-{—s)}_(l e=%)

L5} = v
ete , and Eqs (47), expressions (60-65) yield

o= gl (wt ) (F55) +

(= i) () ] + 5
N T x02¢02>{ exp (x - ‘)]} (66)
v (Rt i) (F0) -

>\o s [ Z -+ Aoy _
(K” M )f (1 + >\0¢0)]
(7—1)(6,, —e.) ho? x
RT, 1 — No%de?)

{1 - exp (x —~ l)}}» + (K + %)f (%) 67)
yMy* ’ Aoy
= "o [(K v ,,)f (1 — >\o¢o)
)\o T+ Aoy (y=1
(K B M2 )f <1+)\o¢o>i|+ Y x
(6 n* — € oo

v M2y -
RT, - >\02¢02){ exp[ (x - E’_>:|} ®®
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has been well explained in detail by Chu * Chu treated the
perturbation resulting from a slight deformation of the wedge
surface in classical gasdynamics so that his disturbance is of
mechanical origin, whereas in the present problem it is of
thermodynamic origin It may be of interest to point out
that the coefficient of the second term, explained by Chu as
an amplifying factor, can be either positive or negative in
this case To solve Eq (72), an operator P is defined such

that
1 — Nogho
PF = F{——"
®) (1 + Nogho x)

where F(z) is any function of #  Operating on Eq (72) yields

—2[(v = D/71lle,* — € o)/RTo][vMo’do/(vMo*K + MK p)(1 — N [[1 — el —1—udo)z]

f@) =

1] )\0 , x
2 I_(K + VMo K”)f (1 - >\0¢0> T

)\0 ’ xz
(5~ s )r () ]+
('Y - 1) (el‘o* —e aa) %o
Y RT() (]. -— >\o2¢0

It can be seen from the last section that the physical sig-
nificance of cases 1 and 2 is quite parallel; therefore, unsur-
prisingly, the perturbation solution for these two physically
distinet cases takes the same mathematical form

This solution consists, in general, of four terms, and each
of them can be interpreted physically Consider, for in-
stance, Eq (67) for v The first term is constant on lines
z — Ay = const, which are the frozen Mach lines leaving
the wedge surface; therefore, the first term represents the
propagation of disturbance along the outgoing frozen Mach
lines Similarly, the second term represents the propagation
of disturbances along the incoming frozen Mach lines The
third term describes the 1elaxation of the gas, ie, the be-
havior of exponential decay, from the position of the frozen-
flow shock wave The fourth term is the one missing from all
existing approximate solutions,{ although its existence is
evident from both numerical solutions and physical reasoning
It describes the fact that, far downstream of the leading edge,
ie, at very large z, although the first three terms give con-
stant values, the flow quantities have different values on
lines ¥ = const, which are the basic streamlines  This effect
is referred to as an entropy layer

Each of the terms in Eq (67) can be traced back to its
antecedent in Eq (61) before the inversion is carried out
However, the entropy-layer term is absent from the corre-
sponding Fqs (60, 62, and 65) and, hence, also from the in-
verted solution (66, 68, and 71) for the normal velocity,
pressure, and shock shape Although all four effects are
present in Eq (63), only the relaxation term survives the
approximation that permits carrying out the inversion for the
vibrational energy (69) The constancy of pressure acioss
the entropy layer is analogous to that across a viscous
boundary layer

The functional equation (71) can be rewritten as

, YMoPK — MK\ L, (1 — Nodho
fe) + <7MK T AOKP> <1 T eto “") +
9 (y=1 (e,*—e.) YMo?*po %
Y RTO ('YM02K1) + >\0Kp) (1 - >\02¢02)
[1 — e~ (=Ndz] = (0 (72)
The physical interpretation of this relation as representing
repeated reflections of disturbances from the shock wave

5 (I —e=]=0 (71)

1 An exception is the recent work of Zhigulev,1! who arrives
at the same result by applying Spence s assumption to the exact
problem directly at the outset

1+ [(vMoKs — NK5)/(YMo?Ky 4 MK) 1P

Expanding the foregoing expression in an infinite series then
gives
f=}

f,(.’t) — (7 - 1) (6 a* — € 0:) ¢0

Y RT, K1 - M)
MK, & (yMEK, = M)
—1 R — A —1)¢ gm0 e e
{ TG T MKy 2 Y e M@)

1 - )\0 0 :
expl:— (TM;;) 1 - )\0¢0)ij} (73)

fiom which it can be shown that the shock wave starts with
the frozen slope and curves either forward or backward to its
equilibrium slope at infinity, depending on whether e  is
larger or smaller than e * Integrating Eq (73) and using
condition (41) gives

_(r =1 (ea* —e ) %o
f(x) - Y RTo Kv(l — }\02¢02) X
_ 27M02Kv
{ ¥ MK + MK (T = hodw) X

I: (YMo*Ky» + MNKp) (1 — Nogho)
(YMe*K 4 MKp)(L — Nogpo) + (yMo2K —
>\0Kp> (1 + A0‘7:’0)
2 [ YMPK — XK ) (1 4= Nogho) \?
Y <(7M02K,, v et

1 — Nogo\?
eXp(* (m%) 1 - >\o¢o)x>]} (74)

The constant second term 1epresents the displacement of the
shock wave ahead of its equilibrium position far from the
wedge

For case 3, Eqs (60-65) should lead to the result of Ref 3
(and Ref 2) for the slender wedge, but the formal reduction
is too cumbersome to be carried out It can be shown, how-

18
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o

s/ugt,

Fig 2 Shock wave angle vs nondimensional arc length
along shock wave
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ever, that the perturbation problem itself, as defined by
Eqs (30-41), is completely equivalent to Eqs (5-12 and 31-
37) of Ref 3 For case 4, no simplification can be made
in Eqs (60-65) The physmal significance of these two cases
may be considered as somewhat parallel, and so mathe-
matically in both cases the perturbation rate equation is
coupled with the other perturbation equations, and explicit
solution cannot be expected

Case 5 corresponds to the limit s — o, and thus terms with
a(s) can again be neglected in Egs (60-65) Also, unity is
negligible compared with s With the inverse transforma-
tions given before, together with L—1{1/s*} = £ and Egs
(47), expressions (60—-65) now yield

. } )\o , xr — )\oy
' T2 [(Kv + vMq? Kp>f <1 - )\0¢0> +
R z + Ay ]
<K1, ’YM02 K > (]_ + )\o¢o> +

(’Y—l) (e’l’o*—eoo I
Y RT, a- 7\02¢02) o > 75)

wm =g [ () (P o)
(<= 5 0)7 (fiﬁii)h
(=t )7 (5) = 5“5
s (o ‘%o) (70
o=l (% )7 (Fo ) -

_ >\o , x+>\oy>]
(k- Jmr)r (FRL) ]+

(v = 1) (e — € o) 1Mo’ <x _ l) a7

¥ RT, (1 — N¢0?) %o
_(r = (e ) [ Y
N (“’ ¢0> @8

_ M Ao (2 M)
P 2N [(K T g vMo? )f (l - )\0¢0>
R (2 My ]
<Kq, T Kp>f (1 n )\0¢0> +
_&7 " l/_ (7_1) (e‘vo*_eoo)
<K,, Y )f <¢0> + Y RT, X

(A4 ¢ (x — :7/_) (79)
I:(K + vl)l\; ?

(1 = No%po? )

) (=) *

D=

Ao :I
K, — '
< ’YM2 >f (1 + )\o¢'0> +
(’Y _ 1) (6 o* - e"’m) ¢0, .
v BT, G- gm0 GO
The solution of Eq (80) is
’ _ ('Y — 1) (6 o* - evoc) 'YM02¢0
F® = =0 TRE, QMR + vk Y
which yields, after integrating and imposing condition (41),
@) = — (r =1 (0" — ) vMo*o :1:
2’Y RT() (’YMosz + )\ozd)oKp)

(82)
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Fig 3 Nondimensional pressure vs nondimensional dis-
tance along wedge surface

As pointed out in the last section, results (75-82) are good
approximations only when z and y are small compared with
unity

Because of the hyperbolic nature of the governing differ-
ential equations and the fact that the perturbation is about
the foremost point of the flow field, both the parameter and
coordinate perturbations give the exact initial gradient of the
flow quantities at the leading edge and the exact initial curva-
ture of the shock wave Thus the parameter perturbation
of cases 1 and 2 contains the coordinate perturbation of case
5 as a special case This can be shown by expanding the
exponential functions in expressions (66-74) and keeping
only the lowest-order terms in z and y It can be expected,
therefore, that the parameter perturbation of cases 1 and
2 will be most aceurate near the leading edge

Numerical Example

The following example has been treated using the solution
of the parameter perturbation as given by Eqs (66-74):
gas, N, with © = 3350°K; wedge, 8 = 40°; freestream,
in equilibrium; M, = 6; T, = 300°K; and p. = 1 atm
The results are presented in nondimensional form in Figs
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Fig. 4 Nondimensional temperature vs nondimensional
distance along wedge surface
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Fig 5 Nondimensional vibrational energy vs nondimen-
sional distance along wedge surface

2-8 in compaiison with the numetical solution of the exact
problem computed by Sedney, South, and Gerber® using the
method of characteristics Figure 2 plots the variation of
shock angle with arc length along the shock wave Figures
3-6 show the variations of pressure, temperature, vibra-
tional energy, and speed, respectively, with distance along
the wedge surface Figures 7 and 8 present the variations
of pressure and temperature, respectively, with distance nor-
mal to the wedge surface far downstream of the leading edge

The equilibrium-flow values of flow quantities existing
downstream in the equilibrium core (Fig 1) can be calculated
from the equilibiium shock relations These values are
shown by lines marked F in Figs 2-5 The equilibrium
shock relations can also be solved approximately, consistent
with the small-perturbation assumption leading to the re-
sults given by Eqs (60-65) These appioximate values
are represented by lines marked I in Figs 2-5 Also, ap-
proximate equilibiium-flow values corresponding to the
perturbation solution given by Eqs (66-74) are shown by
lines marked 1 In obtaining these values, terms of higher
order in the small parameter of cases 1 and 2 are neglected
If these terms are accounted for by iterating, the resulting
shock 1elations yield a second approximation, which is shown
by lines marked 2

Because of the presence of the entropy layer, the curves in
Figs 4-6 do not approach their corresponding equilibrium-
flow values Figuies 7 and 8 show that the present analysis
gives a good indication of the thicknesses of the relaxation
zone and entiopy layer far downstream of the leading edge

In general, the results calculated by the perturbation
solution agiee qualitatively with the numerical solution
Since the lines mairked I are much closer to the lines marked
E than the lines marked 1, it can be expected that the re-
sults would be in better quantitative agreement had they
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Fig 6 Nondimensional speed vs nondimensional distance
along wedge surface
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Fig 8 Nondimensional temperature vs nondimensional
distance normal to wedge surface at x;/uory = 7 05132

been calculated by numerical integration from Eqs (60-65)
The possible improvement from going to the second ap-
proximation of the parameter perturbation cases 1 and 2 is
indicated by the fact that the lines marked 2 are about one-
half as far from the lines marked E as the lines marked 1

Among the flow quantities, the temperature and the vibra-
tional energy are most sensitive to nonequilibrium effects,
whereas the others, especially the speed, are less sensitive
and thus have a larger percentage of error However, in
every figure the discrepancy between the perturbation solu-
tion and the numerical solution is at most of the order of
square of the forementioned nonhomogeneous term, which,
in this case, is about 0 1, in consistency with the analysis

Also, as pointed out in the last section, the results agree
best with the numerical solution at points close to the lead-
ing edge It is 1easonable to expect that, if the equilibrium
situation existing far downstream in the equilibrium core were
used as the reference in the parameter perturbation, the
results would agree best at points far from the leading edge
In practical applications, it might be advantageous to use
both approaches to complement one another
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Lift on an Oscillating Ellipsoid of Revolution

M Sevig*
Pennsylvania State University, State College, Pa

A theoretical and experimental investigation of the lift and moment on an ¢ ellipsoid of

revolution performing small heaving oscillations has been carried out The maximum circu-
latory lift coefficient measured was 0 035, about half the value obtained in steady flow at the
same maximum angle of attack and Reynolds number Also, a phase lag of 20° in the buildup
of the lift was observed The maximum pitching moment was reduced by 16% from the
value predicted by potential theory The circulatory lift was calculated theoretically by esti-
mating the net vorticity discharged into the main body of the fluid from the boundary layer
at any instant of time This component of lift is caused by a vector circulation on a control
surface surrounding the body and its wake The total lift was obtained by adding to the circu-
latory lift two additional components that depend on acceleration and are associated with

the ‘““apparent mass’® of the body

Nomenclature

A = amplitude of oscillation of the model

a = half-length of major axis of the model

cy = pressure coefficient = (p — p)/(30V2)

hi = metric coefficients (¢ = 1, 2, 3)

ijk = unit vectors

n = unit normal

p = pressure

RN = Reynolds number = V. a/»

14 = time

U,W,V = velocity components of the external flow in direc
tions x; (7 = 1, 2, 3, respectively)

Vo = freestream velocity

(s,2,y) = coordinate system along streamlines and equipoten-
tial lines of the mean external flow, y being normal
to the surface of the body

(z1,20,73) = orthogonal curvilinear coordinates; z; and 2 are
body surface coordinates, z; is normal to the
surface

8 = boundary-layer thickness

v = kinematic viscosity of fluid

p = density of fluid

® = frequency of oscillation of the model

Q = angle of meridian from vertical plane

Subscripts

1 = fluctuating component

U, W, = velocity components in boundary layer in directions
z: (¢ = 1, 2, 3, respectively)

&* = displacement thickness of the boundary layer

] = momentum thickness of the boundary layer

Introduction

N Ref 1 a general theory concerning the forces acting on a
body in incompressible, viscous, unsteady flow was
presented It was shown that the instantaneous lift force
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could be predicted in terms of a vector circulation on an
arbitrarily large control surface surrounding the body and its
wake and that, in addition, two terms proportional to ac-
celeration had to be included

The present paper describes an experimental investigation
on a slender ellipsoid of revolution performing small heaving
oscillations in a steady stream The objectives of these
tests consisted in measuring instantaneous lift forces and
pitching moments caused by viscous effects and establishing
the regions on the body where actual pressures differ in
magnitude and phase from those predicted by inviscid flow
theories

In order to relate the experimentally measured values of
the lift with the theory outlined in Ref 1, it is necessary to
estimate the net flux of vorticity from the boundary layer into
the main stream at each instant of time This problem was
generally discussed in Ref 1, and expressions for the trans-
port of vorticity in both steady and unsteady flow were given
These equations were justified by experimental observations
made in steady flow on slender ellipsoids of revolution which
indicated a sharp increase in vorticity in the main stream in
the vicinity of the separation line Our present task, there-
fore, consists in predicting the instantaneous locations of the
separation line on our test specimen The difficulties of this
problem need hardly be emphasized The tests were con-
ducted at a Reynolds number of 27 X 105, which implies a
turbulent boundary layer Among the many unknowns of
the problem, for instance, are the effects of the heaving oscilla-
tions of the model on transition and separation Neverthe-
less, the results of an investigation made by Karlsson? on a
turbulent boundary layer subjected to a periodic oscillation
of the external flow indicate that predictions based on a
laminar boundary layer will provide a good estimate of the
phase lags involved, although not of the magnitude of the
lift Karlsson’s work showed that, at the frequency at
which our model was oscillated, the vorticity in the boundary
layer is unable to redistribute itself instantaneously, so that
the flow in the boundary layer is composed of a steady part
corresponding to the mean external flow and a time-varying



